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CFTs, VOAs and the Verlinde formula

Dropping C5-cofiniteness

The standard module formalism

A Cs-cofinite Verlinde formula?
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Rational CFT and the Verlinde formula
Two ingredients of conformal field theory (CFT):

e A vertex operator algebra (VOA) V.
e A physical category € of V-modules that is

- closed under conjugation C,
- closed under fusion ®, and
- admits a modular invariant partition function.
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Rational CFT and the Verlinde formula
Two ingredients of conformal field theory (CFT):

e A vertex operator algebra (VOA) V.
e A physical category € of V-modules that is

- closed under conjugation C,
- closed under fusion ®, and
- admits a modular invariant partition function.

Definition: A CFT is rational if ¥ is semisimple with finitely many
simple V-modules.

For rational CFTs, ST =S, ST =S, 52 =, and S diagonalises
the fusion coefficients through the Verlinde formula [Huang]:
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Beyond rational CFT

Physically, rational CFTs model:

e Local observables for critical statistical models.

e Strings on compact spacetimes.
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Beyond rational CFT

Physically, rational CFTs model:

e Local observables for critical statistical models.
e Strings on compact spacetimes.
But, non-local observables (eg., crossing probabilities) and

non-compact spacetimes (eg., R? or AdS) are also interesting!

In these cases, physicists use non-rational (¢ has infinitely many
simples) and/or logarithmic (4" non-semisimple) CFTs.

How does the formalism of rational CFT, especially
Verlinde, generalise to non-rational and logarithmic CFT?
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It's the touchdown of CFT: A working Verlinde formula is a strong
consistency check on your model.

Given a VOA V, one proposes a category % in which one can
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Why Verlinde?

It's the touchdown of CFT: A working Verlinde formula is a strong
consistency check on your model.

Given a VOA V, one proposes a category % in which one can

e Check closure under conjugation [easy].

e Prove V-module classification theorems [hard: see Simon's talk].
e Deduce character formulae [a bit tricky].

e Determine modular transformations [probably ok, maybe].

e Check Grothendieck fusion coefficients € N [sigh with relief].

e Decompose fusion products [really really tough].

e Compute correlation functions [hard and/or dull].
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Why Verlinde?

It's the touchdown of CFT: A working Verlinde formula is a strong
consistency check on your model.

Given a VOA V, one proposes a category % in which one can

Check closure under conjugation [easy].

Prove V-module classification theorems [hard: see Simon’s talk].
Deduce character formulae [a bit tricky].

Determine modular transformations [probably ok, maybe].
Check Grothendieck fusion coefficients € N [sigh with relief].
Decompose fusion products [really really tough].

Compute correlation functions [hard and/or dull].

If the goal is to decompose fusion products, then a Verlinde
formula helps bigtime!
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Drop semisimplicity, but keep a finite number of simples.
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Logarithmic Cs-cofinite CFTs

Drop semisimplicity, but keep a finite number of simples.

The modular framework does not immediately generalise to
logarithmic CFTs. eg., the simple W(l,p)—characters do not span
an SL(2; Z)-module (7-dependent coefficients) [Fiohr].
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Worse, there is no canonical basis of torus amplitudes in which to
try to express a Verlinde formula.
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Logarithmic Cs-cofinite CFTs

Drop semisimplicity, but keep a finite number of simples.

The modular framework does not immediately generalise to
logarithmic CFTs. eg., the simple W(l,p)—characters do not span
an SL(2; Z)-module (7-dependent coefficients) [Fiohr].

Extending to torus amplitudes gives an SL(2;Z)-module [Miyamotol,
but finding modular invariant partition functions is harder.

Worse, there is no canonical basis of torus amplitudes in which to
try to express a Verlinde formula.

But, there is [Fuchs-Hwang-Semikhatov-Tipunin] a W(l,p) Verlinde-like
formula for simple characters (automorphy removes 7-dependence).
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Allow infinitely many simple VOA modules.
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Allow infinitely many simple VOA modules.
Canonical example: V = Heisenberg: [a,,,a,| = md,, . ,—o1.

¢ = positive energy weight modules with real weights.
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A non-Cj-cofinite CFT

Allow infinitely many simple VOA modules.
Canonical example: V = Heisenberg: [a,,,a,| = md,, . ,—o1.
¢ = positive energy weight modules with real weights.
e Simples are Fock modules 7, p € R.
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A non-Cj-cofinite CFT

Allow infinitely many simple VOA modules.
Canonical example: V = Heisenberg: [a,,,a,| = md,, . ,—o1.
¢ = positive energy weight modules with real weights.
e Simples are Fock modules 7, p € R.
yzPqP’/?
n(a)
o0 I
S {ch;p} = / Spchz, dq, where S, = e 2mpa,
— 0o
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A non-Cj-cofinite CFT

Allow infinitely many simple VOA modules.
Canonical example: V = Heisenberg: [a,,,a,| = md,, . ,—o1.
¢ = positive energy weight modules with real weights.
e Simples are Fock modules 7, p € R.
yzPqP’/?
n(a)
o0 I
S {ch;p} = / Spchz, dq, where S, = e 2mpa,
— 0o

r > Spssqss;k’s
= — —ds=4(r=p+q),

Lo—1/24 _

Ch]:p = trfp ylz%g

= @®a=/ UJEWZEM. Yay! v
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A logarithmic non-Cs-cofinite CFT

V = the singlet VOA I(1,2) = W(c = —2).

¢ = positive energy generalised weight modules with real weights.
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A logarithmic non-Cs-cofinite CFT

V = the singlet VOA I(l, 2) = Wj(c = —2).
¢ = positive energy generalised weight modules with real weights.

o Simples are 7, p€ R\ Z, and L, p € Z:

0—L,—F,— L, 1 —0 (pei).
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A logarithmic non-Cs-cofinite CFT

V = the singlet VOA I(l, 2) = Wj(c = —2).
¢ = positive energy generalised weight modules with real weights.

o Simples are 7, p€ R\ Z, and L, p € Z:

0—L,—F,— L, 1 —0 (pei).

_1 _1y2 [e'¢)
yzZP~3qP=3)7/2 B
n—=

e Fpyg ——> Fppe —> Fpp — L, — 0.
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In many examples, identify (indecomposable) standard modules.

Partition into simple (typical) and non-simple (atypical).
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CFT and Verlinde Dropping Cq-cofiniteness Standard modules A Cj-cofinite Verlinde formula?
000 0000 @00 [e]

The standard module formalism

In many examples, identify (indecomposable) standard modules.
Partition into simple (typical) and non-simple (atypical).
Characters ch,,, of standard modules satisfy:

1. ch,, parametrised by measurable space (M, ).

2. Atypical characters parametrised by A C M, with p(A) = 0.
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The standard module formalism

In many examples, identify (indecomposable) standard modules.
Partition into simple (typical) and non-simple (atypical).
Characters ch,,, of standard modules satisfy:

. ch,,, parametrised by measurable space (M, p).

. Atypical characters parametrised by A C M, with p(A) = 0.

1
2
3. {ch,,} is a (topological) basis for Z-module of all characters.
4. Characters span a SL(Q;Z)—module with

S{ch,,} = / S,nch,, du(n), satisfying
M
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The standard module formalism

In many examples, identify (indecomposable) standard modules.

Partition into simple (typical) and non-simple (atypical).

Characters ch,,, of standard modules satisfy:

ch,,, parametrised by measurable space (M, ).

1
2. Atypical characters parametrised by A C M, with p(A) = 0.
3.

4. Characters span a SL(Z;Z)—moduIe with

{ch,,} is a (topological) basis for Z-module of all characters.

S{ch,,} = / S,nch,, du(n), satisfying
M

Symmetry: Sin = Snms

Unitarity: / SipSpn dp(p) = d(m = n),

Conjugation: S? is a permutation of order < 2.
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5. chpyy=>",, anch,, = Sy =D, @nSpm, Which
converges for all typical n (n ¢ A).



CFT and Verlinde Dropping Cq-cofiniteness Standard modules A Cj-cofinite Verlinde formula?
000 0000 (o] le} o]

5. chpyy=>",, anch,, = Sy =D, @nSpm, Which
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6. The vacuum module € satisfies Sq,,, # 0, for all n ¢ A.
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5. chpyy=>",, anch,, = Sy =D, @nSpm, Which
converges for all typical n (n ¢ A).

6. The vacuum module € satisfies Sq,,, # 0, for all n ¢ A.

7. Define character fusion X by standard Verlinde formula:

chy X chy = ., [./\/lp/\/} ch, du(p),

p o SMqSNqSZq
[M N]‘/M Soy 10

q

[ v nr] € N is the Grothendieck fusion coefficient.
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5. ChM - zm a’TrLChrn = SMn - Em anLSTanv which
converges for all typical n (n ¢ A).

6. The vacuum module € satisfies Sq,,, # 0, for all n ¢ A.

7. Define character fusion X by standard Verlinde formula:

ChM IEChN = v |:Mp-/\/':| Chp d:u(p)>

p o SMqSNqS;;q
[M N]‘/M Soy 10

q

[ v nr] € N is the Grothendieck fusion coefficient.
“Trivial” example is a rational CFT:

e Standard = simple, so no atypicals (4 = @).
e M is finite and p is counting measure.
e Grothendieck fusion = fusion.
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Ah, but does it work?

Standard module formalism applied to many non-Cy-cofinite
logarithmic CFTs and compared with known fusion calculations.
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Ah, but does it work?

Standard module formalism applied to many non-Cy-cofinite
logarithmic CFTs and compared with known fusion calculations.

Conformal field theory Fusion known?

Virasoro logarithmic minimal models LM(p,p’) Many examples

N =1 logarithmic minimal models LSM(p,p’) | Some examples

Singlet models |(p, ") = Wa (2, 1)(2p/—1) ?
Admissible level sl (2),, k=-3, -4
Bosonic 37 ghosts v
GL (1|/1) Wess-Zumino-Witten model v
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Ah, but does it work?

Cy

Standard module formalism applied to many non-Cy-cofinite
logarithmic CFTs and compared with known fusion calculations.

Conformal field theory

Fusion known?

Virasoro logarithmic minimal models LM(p,p’)
N =1 logarithmic minimal models LSI\/I(p,p’)
Singlet models |(p, ") = Wa (2, 1)(2p/—1)
Admissible level sl (2),,

Bosonic 3y ghosts
GL (1|/1) Wess-Zumino-Witten model

Many examples

Some examples

Singlet model results imply results for triplet models W(p,p/).
Consistent with known triplet fusion results (and conjectures).
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Verlinde for Cy-cofinite logarithmic CFTs?

The standard module formalism does not apply directly to the
triplet models W (p, p').
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Verlinde for Cy-cofinite logarithmic CFTs?
The standard module formalism does not apply directly to the
triplet models W (p, p').

One can identify standard modules, but the atypicals are
parametrised by a set A with p(A) > 0.
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Verlinde for Cy-cofinite logarithmic CFTs?
The standard module formalism does not apply directly to the
triplet models W (p, p').

One can identify standard modules, but the atypicals are
parametrised by a set A with p(A) > 0.

But: W(p.p') [Gw] x [6w] (W]
simple
current orbifold restriction induction
extension
|(p’p/) [(ﬁ] % [(gl} standard [(gd

Verlinde



CFT and Verlinde Dropping Cq-cofiniteness Standard modules A Cy-cofinite Verlinde formula?
000 0000 000 [ ]

Verlinde for Cy-cofinite logarithmic CFTs?
The standard module formalism does not apply directly to the
triplet models W (p, p').

One can identify standard modules, but the atypicals are
parametrised by a set A with p(A) > 0.

Cy-cofinite

But: W(pap/) [ng] X [%W} Verlinde? [ W}
simple
current orbifold restriction induction
extension
tandard
(0.7 6] % [61] — o [€]

Triplet Verlinde currently being worked out [Melville-DR].
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Thank you!

“Only those who attempt the absurd will achieve the impossible.”

- M C Escher
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