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Rational CFT and the Verlinde formula

Two ingredients of conformal field theory (CFT):

• A vertex operator algebra (VOA) V.

• A physical category C of V-modules that is

- closed under conjugation C,
- closed under fusion ⊗, and
- admits a modular invariant partition function.

Definition: A CFT is rational if C is semisimple with finitely many
simple V-modules.

For rational CFTs, S> = S, S† = S−1, S2 = C, and S diagonalises
the fusion coefficients through the Verlinde formula [Huang]:

Li ⊗ Lj =
⊕
k

[
k

i j

]
Lk,

[
k

i j

]
=
∑
`

Si`Sj`S
∗
k`

S0`
.
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Beyond rational CFT

Physically, rational CFTs model:

• Local observables for critical statistical models.

• Strings on compact spacetimes.

But, non-local observables (eg., crossing probabilities) and
non-compact spacetimes (eg., Rd or AdS) are also interesting!

In these cases, physicists use non-rational (C has infinitely many
simples) and/or logarithmic (C non-semisimple) CFTs.

How does the formalism of rational CFT, especially
Verlinde, generalise to non-rational and logarithmic CFT?
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Why Verlinde?

It’s the touchdown of CFT: A working Verlinde formula is a strong
consistency check on your model.

Given a VOA V, one proposes a category C in which one can

• Check closure under conjugation [easy].

• Prove V-module classification theorems [hard: see Simon’s talk].

• Deduce character formulae [a bit tricky].

• Determine modular transformations [probably ok, maybe].

• Check Grothendieck fusion coefficients ∈ N [sigh with relief].

• Decompose fusion products [really really tough].

• Compute correlation functions [hard and/or dull].

If the goal is to decompose fusion products, then a Verlinde
formula helps bigtime!
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Logarithmic C2-cofinite CFTs

Drop semisimplicity, but keep a finite number of simples.

The modular framework does not immediately generalise to
logarithmic CFTs. eg., the simple W

(
1, p
)
-characters do not span

an SL
(
2;Z

)
-module (τ -dependent coefficients) [Flohr].

Extending to torus amplitudes gives an SL
(
2;Z

)
-module [Miyamoto],

but finding modular invariant partition functions is harder.

Worse, there is no canonical basis of torus amplitudes in which to
try to express a Verlinde formula.

But, there is [Fuchs-Hwang-Semikhatov-Tipunin] a W
(
1, p
)

Verlinde-like
formula for simple characters (automorphy removes τ -dependence).
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A non-C2-cofinite CFT

Allow infinitely many simple VOA modules.

Canonical example: V = Heisenberg:
[
am, an

]
= mδm+n=01.

C = positive energy weight modules with real weights.

• Simples are Fock modules Fp, p ∈ R.

• chFp
= trFp

y1za0qL0−1/24 =
yzpqp

2/2

η(q)
.

• S
{

chFp

}
=

∫ ∞
−∞

SpqchFq
dq, where Spq = e−2πipq.

•
[
r

p q

]
=

∫ ∞
−∞

SpsSqsS
∗
rs

S0s
ds = δ(r = p+ q),

⇒ Fp ⊗Fq =

∫ ∞
−∞

[
r

p q

]
Fr dr = Fp+q. Yay! X
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A logarithmic non-C2-cofinite CFT

V = the singlet VOA I
(
1, 2
)

= W3(c = −2).

C = positive energy generalised weight modules with real weights.

• Simples are Fp, p ∈ R \ Z, and Lp, p ∈ Z:

0 −→ Lp −→ Fp −→ Lp−1 −→ 0 (p ∈ Z).

• chFp
=

yzp−
1
2 q(p− 1

2
)2/2

η(q)
, chLp =

∞∑
n=1

(−1)n−1chFp+n
:

· · · −→ Fp+3 −→ Fp+2 −→ Fp+1 −→ Lp −→ 0.
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• S {chM} =

∫ ∞
−∞

SMFq
chFq

dq:

SFpFq
= e−2πi(p− 1

2
)(q− 1

2
), SLpFq

=
e−2πip(q− 1

2
)

2 cos[π(q − 1
2)]
.

•
[
Fr
M N

]
=

∫ ∞
−∞

SMFs
SNFs

S∗FrFs

SL0Fs

ds:

[
Fr
Lp Lq

]
=
∞∑
n=1

(−1)n−1δ(r = p+ q + n),

[
Fr
Lp Fq

]
= δ(r = p+ q),[

Fr
Fp Fq

]
= δ(r = p+ q) + δ(r = p+ q − 1),

⇒
Lp ⊗ Lq = Lp+q, Lp ⊗Fq = Fp+q,

[Fp ⊗Fq] = [Fp+q] + [Fp+q−1].
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The standard module formalism

In many examples, identify (indecomposable) standard modules.

Partition into simple (typical) and non-simple (atypical).

Characters chm of standard modules satisfy:

1. chm parametrised by measurable space (M,µ).

2. Atypical characters parametrised by A ⊂M , with µ(A) = 0.

3. {chm} is a (topological) basis for Z-module of all characters.

4. Characters span a SL
(
2;Z

)
-module with

S {chm} =

∫
M

Smnchn dµ(n), satisfying

Symmetry: Smn = Snm,

Unitarity:

∫
M

SmpS∗pn dµ(p) = δ(m = n),

Conjugation: S2 is a permutation of order ≤ 2.
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5. chM =
∑

m amchm ⇒ SMn =
∑

m amSmn, which
converges for all typical n (n /∈ A).

6. The vacuum module Ω satisfies SΩn 6= 0, for all n /∈ A.

7. Define character fusion � by standard Verlinde formula:

chM � chN =

∫
M

[
p

M N

]
chp dµ(p),[

p

M N

]
=

∫
M

SMqSN qS
∗
pq

SΩq
dµ(q).

[ p
M N ] ∈ N is the Grothendieck fusion coefficient.

“Trivial” example is a rational CFT:

• Standard = simple, so no atypicals (A = ∅).

• M is finite and µ is counting measure.

• Grothendieck fusion = fusion.
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Ah, but does it work?

Standard module formalism applied to many non-C2-cofinite
logarithmic CFTs and compared with known fusion calculations.

Conformal field theory Fusion known?

Virasoro logarithmic minimal models LM
(
p, p′

)
Many examples

N = 1 logarithmic minimal models LSM
(
p, p′

)
Some examples

Singlet models I
(
p, p′

)
= W2,(2p−1)(2p′−1) ?

Admissible level ŝl (2)k k = −1
2 , −

4
3

Bosonic βγ ghosts X

GL (1|1) Wess-Zumino-Witten model X

Singlet model results imply results for triplet models W
(
p, p′

)
.

Consistent with known triplet fusion results (and conjectures).
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Verlinde for C2-cofinite logarithmic CFTs?

The standard module formalism does not apply directly to the
triplet models W

(
p, p′

)
.

One can identify standard modules, but the atypicals are
parametrised by a set A with µ(A) > 0.

But:

I
(
p, p′

)

W
(
p, p′

)
simple

current

extension

orbifold

[
CI

]
×
[
CI

] [
CI

]

[
CW

]
×
[
CW

] [
CW

]

restriction induction

standard

Verlinde

C2-cofinite

Verlinde?

Triplet Verlinde currently being worked out [Melville-DR].
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Thank you!

“Only those who attempt the absurd will achieve the impossible.”

- M C Escher
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